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Summary

By a theorem of Hanna Neumann, an amalaam o

4@‘
an arbitrary collection of orouprs s embeddable 1f
and only 1if the reduced amalgam of such qgroups 1is
: embeddable. SO, in-order to discurs the embeddabilit
of an amalgam of finite groups Iin a finite aroups,we
first consider the embeddability of the rediuced
amalgam in a finite woroup. The general prohblem has
avoided solution for the last thirty Vears. -Ifn this
report we have Investigated the embeddabilitu of an
amalgam of three finite dihedral grouns in a finite
~groap. The groups are given In the form
i ! 5 -
N
7 5 9
A =oxqy b o e RN SRR (,‘7}3)‘ = 15
2 ’ m
B = <b,c = b2 =2 = (he)™= 1>
2 2 n
C 2 X g sl e gt S togh e >
~“he amaloam A formed by these qgroups is their rednced
amalgam. IFf-any two of the L ,m,n, say &L,m sre egual
; te 2 then
]
£ x % ek Now )on
[
embeds the amalaam and is finite. Nere we examine
j the problem Iin more generality.
X :



Detailed Report:

The group
> f‘ i 7
Fom S a P v a = 8 = p-w (EhYs{b) =fcaj =]

!

L9}

described by Coxeter and Moser as the aoroup of refiectione
in the sides of a“ spherical triangle with ' angles
ﬁ? . ﬁ?m, ﬂ?n was. proved to bBe the ageneraliscd free

product of the groups

, 9 :
Al = <ol a) = b - (ahj - o
B = <h ;i C bz = c{ = (hc)m= 1=
/ 2 1
o= o R c? = a = {ca)r: B
; : ; R ; 1 ? 1
in { ] L EC SRS eknowh to be Eyfnite 1F gt e ? 1

and infinite otherwise. We can also write F as

7

2 x :
Ferd g h,cr 0 =hi=fghl = ¢ = loegl=(ch) =5]>

It is easyu to note that F is then a split extension of

.
P = (m,n,1) < %§ K =g = N s {ghl = 1>
by a cyclic group of order 2. P belongs to the well
known family of groups. called 'polyhedral grouvps'
which is interesting in the sense that many of the known
finite simple groups are factor groups of this aroup.

We require the following definitions and concepts.

-

Let {ﬁa:aﬁf\} be a collection eof groups with H}(]ﬁp"

The amalgam of B mc:ﬂ is an '"Iincomplete ocroujp’ whaose

elements are those of G, with the elements of ! g t hought



e as-identified on The tWeo gropgps G o Go s ?A.

n f
}/ﬁ If there 15 a oroup G contatning all Rr,UEA suech that
: a
63y s £ G“ and G, intersect precisely in-a suwhgroup

-

: | ”aF.’“ ,Rej« , then G is said to embed the amalgam of
6y Ft-G.; 0E A ;, are all finite, then the amalocam
formed-by ‘these =6 " 18 said Lo beia fanite dmaloan;
Ifoa finite group G existsS which cORtaing il G s A

Y. 1

with their correct intersectionsH a = r‘{):l_nv,HrA
af i i~

then we say that the amalgam A 1s embeddable in

finite group.

: ;
: Given an amalgam A of group G, , it is,

in general, not true that A be embeddable in 54 group

much less that it may be embeddable in a finite group.

It is, of course, known that amalgam of two groups I-s

B _
always embeddable and, in fact, embeddable 1n a finite
groupy by a well known result of B.H .Neumann ‘ ).

The embeddabil ita problem for three or more graups,
however, -is éxtremely difficult:, Even for the case of
an amalcam of three finite groups, no necessaruy and
sufficient conditions for such an amalgam to have 2
finite embedding -are known.
The finite amalgam considered here is an amalgain
of three finite dihedral groups given in the form
> 2 ¢
ey b = ——mt =) = fab} AR
= - e
= "‘-I‘,C‘ PR e G (l;(" = ] >
7 n
e R S e = 32 e Eaz L
VS




FE) iRl et
N r‘<c:c2 = e

The embeddability of this amalgam was established in |
The finite embeddability of this amalgam is discussed
: in the following paragraphs.
L
= Consider the finite amalgams:
;\J”am(z’l,}? i )_5) =-am -f "’I,.f' 3 o
. and
AFamic, A - <ar ),
These ore three finite amalgams and are embeddable in
finite groups Gz,ﬁ? and ﬁ} raspectively. Sipce ﬁf AL
generated by a,b,c, the pairs a, b:b,c generate Iin ﬁ;
groups -isomorphic €to .A,B and there intersection 1s
precisely <b> . However the subgroup of ﬁj generated
{ by a,c, may, in ceneral, be different form C but is
4 A
still:a dihedral group. Similarly for the groups Gz
and G
3
Let wus rnow consider the ordinary free bproduct.
Foowre diaN * (b; »* <c>
2
&gy o pes a? = b ?'C? = ok
: 2 - 4 - 2 = )~
afthe chclic grolips =8 ~ §° = 15 = ~&h 3ab ! 5
<6 roel moPr, 1wl
Sincveeach=6=, - = 1.,2,3, -1s also generated bu a;b,c:
by the property of free products, all these are
isomorphic to.- facter groups of F. Thus there are Hormal
4 subgroups N),N?,N? such that
BN

| £
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Since Nl, N2, N? all are normal subgroups of F and have

finite index in F,N is a normal subgroup of I and has

finite -Index in F. Thas F/N a Fipite group.

< ‘ In F/N, the groups generated by the pairs
aN ,bN; bN. ¢eN; cN, al are again dihedral oroups 3=V,
Al' B;,C, respectively. These may again be noft isomornh’
with A,B andC respectiveluy. Let the orders ﬂ? ﬁ?,ﬁy,"

respectiveluy.

and 2n ./ Then ¥ . m],nl are divisibkble by

== be 291,2m 7

1 ’

L,m and n respectively so that A,B and C are homomornhic

images of A ,B ,CZ respectivelu.

GeE

Consider now the normal closures:

& ) -1
<f{ab) £ Nzofe Fb

X =
¥ = <g(bc)" g gt ¢ #
T : 3
AR <h(ca)n h N P F>
5, m e :
of the cyclic groups S tab)INY; (b)) >, Ssl{ea)l N> jn FiN
respectively. Since
. & ‘_1
< f(ab) F B e N O
me——1
< g(bc) g e i
Bl
<Jlitea) hH . - h € F >
are normal in F;X,Y,Z are normal in F/N. Let
O = e o7
"be the subgroup of F/N generated by X,Y and Z. Then v
is a normal subgroup of F/N. Also since N],.-\’?,(‘a‘i are
nornmal in F,
o= X N YN y & ¥ (I~ z_c__N?ﬂrg

=3 2= =0

" so that

e

= = - L ! =) ~
xgx'lq % € ~1(1 NZ’ x=ffchb) £ , ysag(bc) q



P

Also since 2 € N2() N?’ X}'n Z 5’—_ N /\NJ. Eut X and

Y are contained in N]. As Nl is a subgroup, XV & N,.
Thus XY /N zec v,. so xy{l z2c n. similarty vz () x
and ZX Y are contained in N. Hence 0 is fhe direct

product of X, ¥V, 2.

We claim that the factor group of F/N bu O embeds

the amalgam of A,B,C. For this we have to show that

" ) Q contains no elements of the form
. 3 - k
sScab)iih; 58¢velPn, Pica) N
€E=0'or I, 6=0 . 0or }, w=0 or 1, gci<t, 0<j<m, 0<k<n

so that the factor 'grotp of F/N by O contains isomorphic

copids of A;B;C.

{ii) Q@ contains no element of the form

: i i k j k )
atcab)i p8(per?n, pS(nert. Ptca) W, (ca) .a¥(ap)ty

when €=0,o0r 1}6&0 Or-1s"0=0-0or 1, 0<i<f ,0<j<m, 0<k<n

so that In the corresponding factor group, A,B:B.C: and

C,A have their correct intersections.

For (i) suppose that

a¢ab)’¥ e 0

Then-
i = ko= g m. =1 r no=1
aQ(ab), = 0 f (ab) fn i n qB(bc) g | h (ca) h' n
a=1 @ : R=1 Boosaay Y Y

N Since F is the free product of three 2-cyclex



~

qeneratpﬁ by a,b,c respectivelu, each element of F has
a unique normal form and the number of factors, after
reduqtion by cancel lation or amalgamation, is uniquely
dete;minéd. Hence (1) gives two representations for’
one and the same element of F. Consider thq right hand
sldéeoF (1F.  "Sitice-the left hand side of () does nol
confajn any factor involving c, the right hand side of
(1) also does not contain any c as a factor. Thus the

'

product.

m -}
Mg, (bc) a .
£ P

h =1y

ik
h-Aca)- b
Y ;&

¥=1

i

p ]
does not ocewr in -{1). Also since n ¢ Ngﬂf.ﬁﬁ-f {ak) fn . L],
n

we find that the right hand side of (l) is contained in N

Hence
e 1
a (ab) £ NI

But then F/NI does not embed the amalgam of the uroups
: 2
A and B amalgamating <P:b = 1>, because then A collapses
in F/N, a contradiction. Hence as(ab)LN f O. Similarly,
8 o I h
b (bel N-#F=0,"¢ (ca)l N ¥ 0O -and we-have (1):

To see that-condition (1i1) 1s satisfied, let

For e N R e

Then again,

. D 1 q : m -1 r The o
aE{ab)i.ba(bc)J= Tr . fab) £ - I g .the) g ol hica) it &3
a=1 s - R=1 g SRoyRd Y

n € N. Once more, sinde (2) gives two expression for the

normal form of an element in F and the left hand side

. n
does not contain any factor of the form (ca) .



il e e

r ASRLT
I “h- (ca) -h
y=1 5 ¥

does not appear in (2). But then, since XY NI'N N
p -y q m -1
1 £ (ab) £ : I g {(be} o n
a=] o 6:1 B B

isIn NI so that

as(ab}i béfbc)j £ Nl'

But this again is impossible because F/Nl embeds

the amalgam of A,B amalgamating <b:b2 Foedaos o Thus

atrapr i st verln b

Similarly for the remaining two expressions.

Consequently the factor group of F/& by @
contains isomorphic coples of A,B,C with their correct
fntersections and so embeds their amalgam.peing a facto
gfoup of a finite group, this is the required finite
embedding of amalgam of A,B and C. '

From the above discussion one can notice how
difficult the general problem of embeddability of
a finite amalgam in a finite group is. We do not
even how as to when an_amalgam of-3-or mo}e groups

is embeddable in a group, much less its being embeddabl

in a finite group. Further work on this problem is

continuing.
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